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Abstract: The fractional Fourier transform is a natural generalization of the Fourier transform. In this
work, we recall the definition of the fractional Fourier transform and its relation to the conventional
Fourier transform. We exhibit that this relation permits one to obtain easily the main properties of the
fractional Fourier transform. We investigate the sharp Hausdorff-Young inequality for the fractional
Fourier transform and utilize it to build Matolcsi-Sziics inequality related to this transform. The
other versions of the inequalities concerning the fractional Fourier transform is also discussed in
detail. The results obtained in this paper are very significant, especially in the field of fractional
differential equations.
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1. Introduction

The fractional Fourier transform, which was originally introduced by [1], has received
considerable attention in recent years from both theoretical and practical points of view.
This important transform is also known as a nontrivial generalization of the conventional
Fourier transform (FT). Researchers in [2-7] have focused on investigating the fundamental
properties of the fractional Fourier transform such as convolution, correlation and inequali-
ties. These properties are expansions of well known results of the FT and other related
transforms (see, e.g., [8-11]. The authors of [12-15]) have developed its applications in areas
like optics, filter design, pattern recognition. Some researchers also have been interested in
generalizing various transformations utilizing the kernel of the fractional Fourier transform.
For instance, the authors in [16-18] have proposed an extension of Stockwell transform
so-called the fractional Stockwell transform. Several properties of the transform were also
derived in some detail. In [19-22], the authors have successfully presented the fractional
wavelet transform, which is a generalization of the conventional wavelet transform [23-25]
in the fractional Fourier domain. They found that the properties of new wavelet transform
are a modification of the corresponding wavelet transform properties. Keeping in view
the fact that the uncertainty principles for the fractional Fourier transforms are one of the
most fundamental results associated with this transform. In [23,26-33], the authors have
demonstrated many variants and generalizations of the uncertainty principle for various
transformations.

In the present work, we first introduce the definition of the fractional Fourier transform
(FRFT) and basic properties. As was discussed in [34,35], we propose another version
of a natural link between the fractional Fourier transform and Fourier transform. We
show that the Heisenberg-type uncertainty principles for the fractional Fourier transforms
can be obtained using the interesting relation. We also establish the other versions of
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the uncertainty principles in framework of the fractional Fourier transform like Matolcsi-
Sziics inequality, Donoho-Stark uncertainty principles, and Shannon entropy uncertainty
principle. It is emphasized that the proposed uncertainty principles in this work are quite
different from those that have been studied in [3-5].

We display here the plan of this paper. In Section 2 we remind definition of the
fractional Fourier transform and basic notations that will be useful later. Also, in this section
the basic relationship between the Fourier transform and fractional Fourier transform are
studied. Section 3 presents three Heisenberg-type uncertainty principles for the fractional
Fourier transform, which are generalizations of the famous uncertainty principles related
to the Fourier transform. We extend Matolcsi-Sziics inequality to the fractional Fourier
transform in Section 4. In Section 5 we focus our attention to the derivation of Donoho-
Stark uncertainty principle associated with the fractional Fourier transform. In Section 6
we generalize Shannon entropy in the framework of the fractional Fourier transform. A
conclusion may be found at the end of this work.

2. Fractional Fourier Transform

First of all we discuss the relevant materials related to the fractional Fourier transform
(FRFT) [1,13,36], including the basic connection between the Fourier transform and frac-
tional Fourier transform, which will useful in the sequel. We first introduce some basic
symbols shown in Table 1.

Table 1. Symbol Description.

Symbols Description
F Fourier transform
Fo Fractional Fouirer transform
Pr Projection operator
E, T Measurable sets
R Real Numbers

Definition 1. Fix 1 < r < oo, for measurable functions on R we define the linear space L" (R)-
norm as

ey = (1507 a) " <o 0

Clearly for v — oo we obtain L*(R)-norm

£l () = ess supiegl|f(#)]. ©)
If f € L*°(R) is continuous then
[ fll ooy = sup [£(2)]- 3)
teR

The inner product of L2(R) is defined as

(F,8) 12 = [, FDR0) @

We remind that the Fourier transform of a function f € L?(R) is given by (see [37,38])

FUN@) = o= [ f@eax. ®
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Definition 2. For a given function f € L'(R), its FRFT with parameter 0 is given by the integral

Folf}(@) = [ FOKo(& ), ©
where the kernel transform Ky (¢, t) is defined by
Agei(tz-&-éz)#—itijcsce, 0 # nm
Ko(G,t) =< o(t—¢), 0 =2nm ?)
(t+¢), 0=02n+1)m,n € Z.

Here ¢ is a Dirac delta function and

% 7) 1—1C0t9 1+1cot9
Ag = (8)
V27 sin 6 27

It is evident that

csch 1
Ag| =1/ 22 =
| Ag| 5o el =——j ©)

It is straightforward to check that the FRFT kernel satisfies the following important
properties:

K@((;(, t) = Kfe(ff:t)/

and

[ Kal@ DK@, Dt = 52— ),
where Ky (¢, t) is the complex conjugate of Ky (&, t).
Lemma 1. For every f € L'(R) and Fo{f} € L®(R) we have
[ Fo{f Hiro ) < Aol fIl 1 (w)- (10)

Proof. It directly follows with (3) and (6) that

FalFH@ < || [ |F(1)ell 5 ibesct gy a
This clearly implies that

[ FolfH ) = 216111; | Fo{f}H(O)]

< Il [ |F(6)]at
= [Ag|ll fll 1 ()

This is required result. [

Definition 3. Suppose that f € L'(R) and Fo{f} € L}(R). The inverse FRFT of f is given by
the integral

f(6) = Fy H(Folf})
= [ FelFHOK-o(E 1) de
= [ Folfy(@ e gt vitsct g, (12)
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Below we express a fundamental connection between the Fourier transform and
fractional Fourier transform. Due to the FRFT definition (6) we have

]:e{f} Ag/ f 1(t2+§2 w—ztéjcsce dt

9 0 -
:Aeezéz%/f t eltz%ﬂthscf)dt
R

= Age® N2 F (e S £ (1) }(E csch). (13)
Denoted by
fo(t) = e £ (1), (14)

then we obtain

2c0t9
e

ﬁ Fo{f}(G) = F{fo}(Scsch). (15)
Hence,
gZCOfG ZCOtg
S Rl 1)) = F{f) Eesc) (16)

Now we provide the different proof of Parseval formula for the FRFT using the direct
relationship between the FT and FRFT.

Lemma 2 (FRFT Parseval). Forall f,g € L?(R), the following relation holds:

(f. 92wy = (Folf} Folsh 2w) (17)

and

17122y = 170 {3 B (18)
Proof. According to the Parseval’s formula for the FT we immediately obtain
[ fos@ar= | Fry@Fgr@de (19)
Replacement of f by f, and g by gp on both sides of (19) we see that
/ﬁmgﬁm:/ﬂﬁmﬁﬁmﬁx
L f et L anar = [ Flfa @ F g @) de (20)

An application of relations (13) and (14) will lead to

/f g(t)dt = /J-"{fg} csc0E)F{gp}(cscOF) dcscOE

2cot9 i 2 cotd

= et || R HE) e FelgHO) i

- o [ RN ORI
=AHW>H&M), @y

which proves the theorem. [
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3. Heisenberg-Type Uncertainty Principles for FRFT

Our interest is to derive three Heisenberg-type uncertainty principles involving the
FRFT. They are generalized forms of the Heisenberg-type uncertainty principles related to
the conventional Fourier transform.

Heisenberg-type uncertainty principles for the FRFT explains the function f(¢) is the
probability that a particle’s position is ¢, and its fractional Fourier transform Fyp{f} is the
probability that its momentum is ¢, then the principle informs a lower bound on how
spread out these two probability distributions must be.

Theorem 1. Let f bein L?>(R). Then the following inequality holds:

' sin 62 2
LR dr [ 2P FL @ e > 49|( /. !f<t>12dt) : (22)

Proof. By virtue of the uncertainty principle for the FT we obtain

2
Lol e [ e Faeh@ e = 5 ([ 1aoPa) @)
We have from (14)
0 2C0t9 2
21 f(0) P e [ 12 ese0P| FLfHE eseo) [ a(g esco) 2411(/ el t)|2dt>
. . 2
[P e [ 1ePescor | F ke esco)l de = 1 ([ 170 ar)
|csc O /|t| |f(1)] dt/ 2| F{fo}( Ccsc@ Zi(/ £ (t |Pdt) :
Applying (15) yields
€2c0t9 2
jescol? [ 121700 ae [ e oty @) e = 4 ([ I o)
2
el [Pl [ 1z i > 1 [ ol )
2
Jescel sime| [ 112156 at [ 167 Fa ) d¢>}1(/ )P )
sin

L IEIF@ e [ 18RI (£1E)fde >

and the proof is complete. [

A simple modification of Theorem 1 yields the following variant.

Theorem 2. Forany f € L*(R) and a,~y > 1, one has

(Lrerera)” ( Lreemmne \d@) z('j@') £y )
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Proof. It follows from Holder’s inequality and Plancherel theorem for the FRFT (18) that

2
[ 1ePFtr} @) de

= [ 1ERIF @ 7o (1)
) )( FAfHOP )Hd¢>“

( IRGEZNG

- (/ﬂglgpa\ﬂ{f}(g)fdg) (/ RO )H
:(/R|§|2“\fe{f}(§)|2d€> (/!f )1 | N

a—1

Hence,
Fi d
([eriminepa) > REIDEME 26)
||fHL2 R)
In a similar way, we get
(/ |t|27|f(t)!2dt> > w. (27)
R )
Hf”Lz
By combining (26) and (27) we obtain
t? dt 2| F
(/R”z,y‘f(f)fdi’) (/ |€|2a’]_- {f} ’ dg) fR| | ’f |j"|| WJ?J?J) G{f} (28)
LZ

Applying (22) in Theorem 1 results in

( /th|2”|f(t)!2dt) ([ 1eimine \ds) > LSO e e

Or, equivalently,

(/Rf2”|f(t)|2dt)ﬁ'7(/ﬂﬁlélz"‘ife{f}(é)|2d§)“l” > ('Slrf'> £y (30)

and the proof is complete. [

The extension of Theorem 1 is also showed by the following result.

Theorem 3. Under the same conditions as in Theorem 1 we have

Lol a [ e R @z S [ropa) e

forl <s<2



Mathematics 2023, 11, 1234

7 of 17

Proof. It follows by means of the Heisenberg’s uncertainty for the conventional Fourier
transform that

Lrisora [ erFn@rae= o [ iropa).

Since fy defined by (14) is in L?(R), then by replacing f by f, into the above identity,
we obtain

[ elsora [ epiFm@Fae = 3 ( [ 1noRa).

Putting ¢ = ¢ csc 6 and applying (14) we get

/ |t° |e”2wf " dt/ |Ecsc 8| F{fo}(Ecsc)|" d(Ecsc) >

7 (L1t s ar)
F([lrora)
itz o ([ Irofar)

J LWL e [ J2l (esco) | Fifohcsco) de

v

|csc9|s+1/ £ (t ‘ dt/ 1| F{fo}( §CSCG
Due to (15) we have

|csc9|s+1/

| csc s
11 —icotf)z

fescorsinols [ A" e [ P71 e = 5 ( [, |f(t)|2dt)s
[rirora [ e imn ol = S (] ota)’

and the proof is complete. [

2 cotG

—i¢
\dt/ | e RN > 5
7 Ll a [ P Fo) e > o

4. Matolcsi-Sziics Uncertainty Principles

We first state the following result, which describes the sharp Hausdorff-Young inequal-
ity related to the FRFT.

Theorem 4 (FRFT Hausdorff-Young). For any 1 < r < 2 such that % + % = 1. Then for every
function f in L"(R), it holds

1/r

(/ | FolF 1O dg)l/s < |sin9|§—%r1/zrs—1/zs(/R|f(t)|fdt) . (32)

Proof. Applying the sharp Hausdorff-Young inequality related to the conventional Fourier
transform results in

([iFn@re) < ([irora)’ @)

Including fy defined by (14) into both sides of (33) yields

([1Fm@ra)” < [inora)” 3
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We further have

</R \F{ fg}(écsc9)|5dé‘csc9)l/s < /21725 ( /R | fg(t)|’dt)1/r. (35)

Using (15) we may write the above identity as

[k

Thus

§2cot0 1/r

1/s
Fol{fH(E) déjcsc@) grl/zfs1/2S</R|eif“°59f(t)|fdt> . (36)

1—icotf

<|sin9|3 /|]-"9{f} )| dg) <r1/2rs1/25(/R|f(t)|rdt)l/r. 37)

Or, equivalently,
; 1/s L 1/r
([I1zin@ras)  <lsnoldnzsvae( [ipora) o9
which finishes the proof of the theorem. [

Application of the above theorem will lead to the next result.

Theorem 5 (Matolcsi-Sziics Inequality). Let f € L' (R) N L"2(R) such that1 <ry <rp <2,
then

1L 0 1725 i
I FolFHl2 ey < [supp(Fad D] 72 [sin0] 2}/ 1/ supp(f)| 77 | £, 9

1 1 _ 1 1
wherea+§—1and6+5—1.

Proof. From Theorem 4 and Holder’s inequality we infer that

1752
1Fe L 2 ) < | supp(Folf 1) ™ 1Fe L
$1752 1_1 _
< | supp(Fp{f})| 7= [sin61 2r"?" s V2 fll ). (40)

Setting F = supp(f), by Holder’s inequality we obtain

1Ay = llxeflln m

< ([ e |dt) ( N ka dt)’”

—(foeton) ™ ( Lo dt)
= B I f ey
— [supp(f)| 72 [|f Il m- (41)

In this case xF is the characteristic function of F. Including (41) into (40) gives the desired
result. O

Corollary 1. Let f € L"(R) with1 < r < 2, then

[sin 0|2~ H71/2551/2 < | supp(Fo{f})|F |supp(f)| T (42)
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where 1 + 1 =1.
Proof. This directly follows from the Plancherel theorem for the FRFT (18). [

5. Donoho-Stark Uncertainty Principle

As we know that Donoho-Stark uncertainty principle [39] is constructed using the
basic concept of e-localization of a function (signal) on a measurable set in both the space
and frequency domains. Many versions of this uncertainty have been proposed for various
generalized transformations (see [40,41]). Let us now remind the following definition.

Definition 4. Given a measurable set T C R and let et be a positive real number. It is said that a
function f € L"(R),1 < r <2, is ep-localized to T in L' (R)-norm, if it satisfies

1/r
(o IO ) = 17 = Prfle < erl s )
where projection operator Pr is given by
ft), teT
(Prf)(t) = (xrf)(t) = (44)
0, teR\T.

We also introduce a projection operator Qr given by

FolQrf} = (Pr(Foif}))- (45)

Based on (43) and (45) we may define that Fp{ f} is er-localized to T in L"(R)-norm if the
following is satisfied:

[Fo{f} — Fo{QrfH ) < erllFolf}Hlrr)- (46)

As a direct consequence of Equation (45) we obtain the following important results.

Lemma 3. Assume that |T| < oo. For every f belongs to L"(R) with 1 < r < 2, we have

QUi () = [ Folf) (@ Age 184t i g @)
T
where |T| is the Lebesgue measure on T.
Proof. It is straightforward to show that 73{f} € L1(R) N L?(R). This implies that

Qrf = Ty L (Pr(Fo{f})), (48)

which gives the desired result according to (12) and (44). O

Lemmad. Let fbein L'(R). If 1 <r <2and 1 + 1 =1, then

1Fe{Qrf o) < |sin®]s 27276125 ]| ). (49)
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Proof. An explicit computation shows that

1/s
1Fo{QeHlm = [ 171 )

1/s
S
< ([Imin@r )
< [sin ]2V fl s ). (50)
The proof is complete. [

Lemma 5. Let T and E be measurable subsets of R. For any f € L¥(R) with1 < s < 2 and
1+ 1 =1 we have

1Fe{QrPef Hlremy < | A6l flls ey | TIMTIEIM". (51)
Proof. Assume that |T| < co and |E| < co. Let us write

Fo{QrPef} = xrFo{Pef}. (52)
This gives
1/r
1ol QrPef Moy = ([ 17olpesp@l ae) )

Using Holder’s inequality we see that

cotf

|~7:9{PEf}| = |A9/f(t)ei(t2+§2) 5 *itécscedt‘
E
1/s
i(124¢2) k0 r

§|A9|<./E |f(t)|5dt> (/E‘el(t P it esct) dt)
1/s 1/r

<|A t)|° dt r

<tal ([ 1roea) ([ xel)

= | Aol fllswy | EI""- (54)

1/r

Including (54) into (53) results in
I Fo{ QrPefHIrmy < Aol ll fllLsr) I TIM7|EIM7,
which finishes the proof of the theorem. [
Theorem 6. Suppose that E and T are measurable subsets of R. Suppose that f € L*(R) with

1 <s <2suchthat 1 +1 = 1. Then for any f is eg-localized to E in L*(R)-norm and Fy{f} is
er-localized to T in L' (R)-norm we have

(|A9||T|1/7|E|1/f el sineﬁ%rl/%s—“%) e

I Fo{fHrm) < (55)

1 — €E
For r = 2 expression (55) becomes

IT||E||Ag|* > (1 — eE — e7]|sinB])>. (56)
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Especially when r = 2 and 6 = 7, formula (55) above will be reduced to
IT|[E| > 27t(1 — e —e)*. (57)
Proof. We apply (46), (49) and the triangle inequality to get

[ Fo{f}—Fo{QePrf i (r)
< || Fe{f} = Fo{Qefhlrm) + 1Fo{Qef} — Fol QePrf i (w)
= [[Fo{f} — Fo{QefHr(r) + [ Fo{Qef — QePrf}H i (r)
< |Fe{f} — Fol QefHIrm + | sin6]s =2/ 2s71/25| £ Prf| gy
< eel|Fo{ s (my + erl sin 6]~ 2r/Zs V2| £ . (58)

Applying (51) and (58) results in
1Fo | (m)
< | Fe{ QePrfllrrm) + [Fo{f} — Fo{QePrf}H r(w)
< Al fll s ey | TIY71E[Y + €| Fol f} sy + x| sin ]~ 2/ 2s™ V2 £l gy

. alol .
= (1AalITIV B+ erlsingl - E/2s V2 [l +ecl Bl Hom, 69
which finishes the proof of the theorem. [

Theorem 7 (FRFT Donoho-Strak’uncertainty Principle). Suppose that E and T are measurable
subsets of R. Suppose that f € LY(R) N L*(R) with 1 < s < 2such that 1 + 1 = 1. Then for any
f is eg-localized to E in L' (R)-norm and Fo{f} is er-localized to T in L (R)-norm we have

|A9||E|1/7|T|1/7Hf||LS(R)
(1—eg)(1—er)

[ Fo{fHIr®) < (60)

In particular, for s = 2, Equation (60) becomes

(1—ep)(1 —er) < |Agly/|E[|T]. (61)

Proof. It follows with (46) that
1ZFH ) < 1700} = FolQrfHlum + I Qrf )
1/r
= 170t} = Pl Qe Ul + ([ 15O )

< erl| Fo{fHlrwy + ITIV 1 Fo{fHIow)
<er|| Fo{fHrm + ITI"" | Aol fll 11 ) - (62)
This will lead to

| Al TIM "1 fll 2 gy
Ry < .
[ Fo{fHrm) < 1

e (63)
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Now it can be immediately obtained that
If iy < If = Pefllpw) + 1PNl 1 (m)
< el + 1) 4t
< egllfllgmy + 1E I llsry. (64)
which gives
EM711f Nl
1l < 5. (65)

— €f

Inserting (65) into (63) ends the proof of the theorem. [

Definition 5. For 1 < r < 2 we denote by 9" (T) the set of the functions g € L"(R) that are
bandlinited to T. It means that every g € %" (T) holds Qrg = g. Moreover, it is said that f is
er-bandlimited to T in L' (R)-norm if there exists a function g € %" (T) such that

If =gl < erllfllorm)- (66)

We present the following important results which follow immediately from the defini-
tion mentioned above.

Theorem 8. Suppose that E and T are measurable subsets of R. Forall g € 2" (T) with1 <r <2
we have

1 Pegllire) < |EI7ITI7 | Agl sin ] ~2r/2's ™12 g 1y gy, (67)
whenever 1 +1 =1.
Proof. From Lemma 3 and the hypothesis of the theorem we deduce that
§(1) = [ Folgh(e)age 7+t itesct g, (68)

By Holder’s inequality together with Hausdorff-Young inequality for FRFT (32) we imme-
diately obtain

—i Ot it esc
lg(t)| = ‘/T]-‘e{g}(g)Aee (2 482) S0 +itg gd(;“

§A+%@N@Mem”ﬁﬁ”%m9%

1
= |T|7 | Aql| Fo {8} | s (m)
< |T|7| Ag||sin 6] =211 /25712 g 1 . (69)

By virtue of relation (69) above it will lead to

1
IPesliem = [ 5ol )

< [E|7|T|7 | Agl| sin6]5 =27/ ¥s V2 lg|| ),

and the proof is complete. [
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Theorem 9. Let E and T be measurable subsets of R and let f € L"(R) with 1 < r < 2 such that
% + % = 1. If f is eg-bandlimited to E in L' (R)-norm, then the following inequality holds:

11 11 _
IPEfllrrw) < (|E|’|”—”|7|1‘\9||51r19|s 2120 1/25(1+€T)+€T> Ifllm)- (70

Proof. Since the function f is eg-bandlimited to E in L"(R)-norm, then there exists g €
%' (E) satisfying

IPEfllrr) < 1 Pe§Ilrr) + IPECf — &) llLr(m)

= || Pegllrm) + (/E |(f—g)(f)|rdt>1

1

< IPeglu + ([ 10 -9 ar)

< |Pegllrw) +erll fllr(m)- (71)
It is evident that

181l ) < (X +er)lIfllrw)- (72)
By inserting (67) and (72) into (71) we find

11 N | _
IPefllrmy < |EI7|T|7|Agl| sin 6] ~2r"?s™1/ % g|| gy +erl|fllr m)

< (|E|1|T|1|A9|| sin 0|5~ 271/2r571/25(1 4 e1) +eT> 1F 1l ()

and the proof is complete. [

Theorem 10. Assume the same conditions as in Theorem 9. Under the additional condition that
the function f is eg-localized to E in L™ (R)-norm, then one has

17 —
ST CET T E|F|T|T | Ag|| sin@]F 2/ 2128, (73)
1+4+er

Proof. With the help of Definition 4 we have

1Al < If = Pefllrw) + IPEfllr(w)

< eel|fllorw) + IPefllrw)- (74)
Assertion (74) is equivalent to
I PEfl ()
r < —
1Ay < T (75)
Substituting (75) into (70) yields
I PEfllr(m)

HPEfHL’(R) < <(|E|1T|}|A9|| Sin9|%*%rl/2r571/25) (1+er) +€T> (76)

1—€E ’

as required. [
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6. Inequalities for Shannon Entropy

It is the purpose of this part to develop an analogue of Shannon entropy for the FRFT.
To facilitate the narrative, we first introduce the Reriyi entropy, which is formulated in the
following form:

Definition 6 ([42]). The entropy of a probability density function p on R is expressed by

Halp) = ! 1n</R[p(t)]“dt>, a>1. (77)

1—«a
For o — 1, the Reriyi entropy will lead to the Shannon entropy, that is,
E(o) = — [ p(t)In(p(t)) at. 78)
The above definition leads us to obtain the following important results.

Theorem 11. Let 1 + % =2and f € L*(R), we have

1 1
1 In(r) + — In(s), (79)

2s(1(1)) + 204, (| Fo A1) 2 21nsine] +

where % —i—% =1.

Proof. In view of (32) we get

([ 17atn@rde) < jsinel bz ( [pora)’. e
Now setting s = 2« and r = 2, relation (80) is reduced to

([imin@Pa)” <isme st ([ropra)”. o
This means that

([ 1ot ac) ™ < psmolrts (L) e
Applying % = 7771 yields

|]—'9{f}(g)\2“d§ v < |sin6|r%s% LF (1) dt ﬁ. (83)
R R

Hence,

([ 17atr@rae) ™ ( [irwprar) ™ = jsmepistr. o9

Taking the logarithm of both sides of (84) above results in

1ialn</R|f9{f}(§)‘2ad€>+li71n(/R|f(t)|2’7dt>

In(r) + 2 In(s).  (89)

2
> In|sinf| +
v—1
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Or, equivalently,

2 2
1 In(r) + — In(s), (86)

HallFOP) + 4, (I HO)) 2 nfsine] +
and the proof is complete. [

Corollary 2. For «a — 1 and v — 1 one has

WU@W+EOHUN®W>2mBm% ®7)

which is a Shannon entropy related to the FRFT.

7. Conclusions

In the research study, we have introduced the definition of the fractional Fourier trans-
form. We have provided its relation to the Fourier transform and developed this relation to
explore the main properties concerning this transform. Various relations associated with
the fractional Fourier transform are studied in detail. We are in the direction to apply the
proposed method in image enlargement [43,44] that have many applications especially in
medical image zooming and land slides detection.
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